
Decimal Determination - Solution

First, we consider an example. For A = B = 1 and s = 3, the corresponding
decimal expansion is

1
1− 0.00010001

= 1.000100020003000500080013002100340055008901440233 . . . .

The key is to notice the Fibonacci numbers in this expansion. There are blocks
of s + 1 digits consisting of Fibonacci numbers, potentially padded with zeroes
in front. The key to prove this, and also the key to solving the problem for gen-
eral A and B, is to look at the generating function for the Fibonacci numbers.
That is, to find a function f (x) with series expansion

f (x) = 1 + x + 2x2 + 3x3 + 5x4 + 8x5 + . . . =
∞

∑
n=0

Fn+1xn

If we use the recursion for Fibonacci numbers, we can derive a functional equa-
tion on f (x):

f (x) =
∞

∑
n=0

Fn+1xn

= 1 +
∞

∑
n=1

Fn+1xn

= 1 +
∞

∑
n=1

(Fn + Fn−1) xn

= 1 +
∞

∑
n=1

Fnxn +
∞

∑
n=1

Fn−1xn

= 1 +
∞

∑
n=0

Fn+1xn+1 +
∞

∑
n=−1

Fn+1xn+2

= 1 +
∞

∑
n=0

Fn+1xn+1 +
∞

∑
n=0

Fn+1xn+2 + F0x

= 1 + x
∞

∑
n=0

Fn+1xn + x2
∞

∑
n=0

Fn+1xn + 0

= 1 + x f (x) + x2 f (x).

Hence, f (x) = 1/(1− x − x2). Note that if we substitute x = 10−(s+1), this
formula is exactly D(1, 1, s). Then D(1, 1, s) = ∑∞

n=0 Fn+110−k(s+1), which pre-
cisely explains the emerging Fibonacci numbers in the decimal expansion.
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We can now generalize to D(A, B, s) by reversing and slightly modifying the
above argumentation for D(1, 1, s). Thus, we instead look for the series ex-
pansion of f (x) = 1/(1− Ax − Bx2). If we let f (x) = ∑∞

n=0 an+1xn, we find
that

∞

∑
n=0

an+1xn = f (x)

= 1 + Ax f (x) + Bx2 f (x)

= 1 + A
∞

∑
n=0

an+1xn+1 + B
∞

∑
n=0

an+1xn+2

= 1 + A
∞

∑
n=1

anxn + B
∞

∑
n=2

an−1xn

= 1 + Aa1x +
∞

∑
n=2

(Aan + Ban−1) xn.

By looking at each coefficient separately, we derive that a1 = 1, a2 = Aa1 = A
and an+1 = Aan + Ban−1 for n ≥ 2. Hence, we have a similar recursive struc-
ture in the expansion for D(A, B, s). Also, one can show that an+1 ≤ 10n for
any A, B ∈ {0, 1, . . . , 9} by induction (left as an exercise). As the decimal ex-
pansion consists of blocks of s + 1 digits ending in a single an, as long as we
do not go past as+1, there will be no overlap between an from different blocks.
Luckily, as d ≤ s(s + 1), this works out perfectly.

The resulting algorithm works as follows. First, determine which block of s+ 1
digits should be looked at by computing (d − 1)//(s + 1). This corresponds
to an element an. Calculate this element simply by recursing. There are faster
ways to recurse, but the direct formula will not work due to floating point
rounding errors. Then select the correct digit of an and return this.
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